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Abstract. We consider power utility maximization of terminal wealth 
in a 1-dimensional continuous-time exponential Levy model with finite 
time horizon. We discretize the model by restricting portfolio adjust- 
ments to an equidistant discrete time grid. Under minimal assump- 
tions we prove convergence of the optimal discrete-time strategies to 
the continuous-time counterpart. In addition, we provide and compare 
qualitative properties of the discrete-time and continuous-time optimiz- 
ers. 



1. Introduction 

In exponential Levy models the stock is given - just as its name suggests 
- as the (stochastic) exponential of a Levy process. Continuous-time expo- 
nential Levy models and their discrete-time counterparts share the defining 
property of independent and identically distributed logarithmic returns. Ex- 
ponential Levy models have become widely popular in the last decade since 
they are analytically tractable and provide a reasonable approximation to 
financial data. 

We consider maximization of expected utility from terminal wealth with 
finite time horizon for an investor equipped with a power utility function 
U(x) = (1 — p) x p , p > 0, in the framework of one bond (normalized to 
1) and one stock which follows an exponential Levy process. The problem 
of maximizing expected power utility from terminal wealth was first studied 
by Merton ([15]) for Brownian motion with drift and by Samuelson (|20j) 
for the discrete-time analogon in an iV-period model. The optimal portfolio 
selection for general time-continuous exponential Levy processes was inves- 
tigated in [5], [TO] and [2]. Nutz ([IS], for p ^ 1), as well as Kardaras ([12]. 
for p = 1) have recently shown under minimal assumptions that the opti- 
mal fractional ir* of wealth invested in the continuous-time exponential Levy 
model is constant and given as the maximizer of a deterministic concave 
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function g, which is defined in terms of the Levy triplet (also cf., e.g., [6] for 
sufficient conditions in a general setting, and [3] for sufficient conditions on 
the optimality of constant trading strategies). Similarly, the optimal trad- 
ing strategy for an A^-period exponential Levy model is to invest a constant 
fraction tt* n of current wealth in each step. This stems from the fact that the 
logarithmic return of the stock in each period is i.i.d. and consequently the 
iV-period model becomes an iterated 1-period model. The optimal fraction 
tt* n is given as the maximizer of a deterministic concave function g N , where 
g N only depends on the evolution of the Levy process in the first step. 

In this exposition we assume that a continuous-time exponential Levy 
model is given. We define the discrete-time iV-period exponential Levy 
model as the restriction of the continuous-time model to discrete time in- 
stants of distance S, where T is the finite time horizon. In particular, the 
discrete logarithmic returns are given by i.i.d. random variables. Hence, 
trading in this discrete-time model amounts to trading in the original con- 
tinuous-time model with the restriction that the portfolio can only be ad- 
justed at given time instant, i.e., if t = k = 0, . . . , N. This restriction 
also involves a discretization gap in the sense that the set of admissible 
trading strategies for the TV-period model is in general strictly smaller than 
the respective set of the continuous-time model. For this reason the opti- 
mal fraction tt* invested in the stock of the continuous-time model might 
in general be not admissible for the discrete-time models. This somewhat 
surprising consequence was already mentioned by Rogers ([IH]) in the case 
of the classical Merton problem, which we consider in more detail below. 

If the Levy process has a non-zero Brownian motion part or allows both 
positive and negative jumps, it is easily seen that the interval of admissible 
constant trading strategies of all iV-period models is given by [0,1]. This 
means that the agent is allowed to invest in each period the fraction of 0% to 
100% of current wealth in the stock. Short-selling and investing more than 
100 % of current wealth is prohibited since negative wealth is not allowed 
by power utility investors. In the other (less important) case of a pure jump 
process allowing either only positive or only negative jumps, the interval of 
admissible trading strategies for the A-period model is more complicated 
and depends on the number of discretization points N. Although not tech- 
nically necessary, in order to simplify the further discussion we will assume 
throughout this exposition that the Levy process has a non-zero Brownian 
motion part or allows both positive and negative jumps. Hence, the interval 
of admissible constant A^-period trading strategies is in particular given by 
[0, 1]. We comment separately on the case of a pure jump process with either 
only positive or only negative jumps. 

The objective of this exposition is to answer the following two questions: 

1.) Do the optimal discrete-time strategies tt*^ converge to the optimal 
continuous-time strategy tt* as N — > oo, i.e., as the number of 
discretization points increases? 



the agent invests the fraction itt of her current wealth in the stock, and the fraction 1 — -wt 
of current wealth in the bond. 
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2.) How does the sign of the drift of the Levy process and the risk 
aversion of the power utility funcion affect the optimal continuous- 
time strategy tt* and the discrete-time strategies tt* n 1 
Clearly, a necessary assumption for the convergence of tt* n G [0, 1] to tt* 
is tt* G [0,1]. But tt* G [0,1] generally fails to hold already in the Black- 
Scholes model due to the previously mentioned discretization gap: in the 
classical Merton problem the Levy process is given by Lt = [it + crBt, where 
B denotes Brownian motion. Let U(x) = (l—p)~ 1 x 1 ~ p with j> > 0, then the 
optimal continuous-time strategy is given by the constant tt* = -J^, cf. |15j . 
Thus, tt* ^ [0, 1] if e.g. fi is chosen large enough and -k^ will not converge 

tO TT*. 

To cope with this problem we introduce in the continuous-time exponen- 
tial Levy model the exogenous portfolio constraint ^ = [0, 1]. I.e., in this 
constrained continuous-time model the agent may only invest between 0% 
and 100% of her current wealth in the stock, which is the same restriction 
as in the iV-period models. The optimal continuous-time strategy tt^ of the 
constrained model can be found similarly as in the unconstrained case as 
the maximium of the same function 9011^= [0, 1]. In particular, tt* G [0, 1] 
implies tt* = tt^,. 

Coming back to our two questions we see that we have to refine the first 
one due to the discretization gap and rather ask 

1.)' Do the optimal discrete-time strategies tt* n converge to the optimal 
strategy 7ri of the constrained continuous-time model as N — > 00, 
i.e., as the number of discretization points increases? 
In order to respond to both questions we observe that we can access 
and 7Tjy clS the maximizer of the previously mentioned deterministic and 
concave functions g\\o,i\ and g , respectively. A major part in answering 
the questions is done in Theorem 14. II below, which shows that g N converges 
uniformly on [0, 1] to g as N — > 00. Our main results can then be summarized 
as follows: 

Main Results (Theorem I4TT1 Corollaries IO and PI Proposition Oj) . 

Let ir* , -k* n and 7r^ denote the optimal fraction of current wealth invested 
in the stock for maximizing expected power utility U(x) = (1 — p)~ 1 x l ~ p , 
p > 0, from terminal wealth in the unconstrained continuous-time exponen- 
tial Levy model, its N -period discretization and the constrained continuous- 
time exponential Levy model with exogenous portfolio constraints ^ = [0, 1], 
respectively. 
Then 

(i) limA^oc tt* n = TT^, 

(ii) the terminal expected utility of the N -period model converges to the 
terminal expected utility of the constrained continuous-time model 
as N — )• 00, and 

(iii) if additionally the Levy process is square integrable, then the optimal 
N -period terminal payoffs converge in L 2 (Q) to the optimal terminal 
payoff of the constrained continuous-time model as N — > 00. 

Hence, if tt* G [0, 1], i.e., if tt* is admissible in the N -period models, li))-< fmj) 
hold for the unconstrained continuous-time exponential Levy model. 
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We also find the following qualitative properties of the optimal uncon- 
strained continuous-time and N -period strategies under the assumption that 
the Levy process is integrable: 

(iv) vr*,7r^r are non-negative (non-positive) if the drift of the Levy pro- 
cess - i.e., the expectation of the Levy process - is non-negative 
(non-positive). Both \tt*\ and tt* n 6 [0,1] are increasing if the rela- 
tive risk aversion p of U is decreasing^ 

In the light of our results, we see that the exogenous portfolio constraint 
^ = [0, 1] is a natural assumption to make the continuous-time model re- 
semble the discrete-time models. As we have already mentioned, tt* € [0, 1] 
implies tt* = tt*^. On the other hand, if tt* ^ [0, 1] then tt*^ and 7r^ are easily 
found: if tt* < then tt*^ = tt*^ = 0, and if tt* > 1 then tt^ = 7r|= = 1. 

The approximation of a continuous-time Levy model by discretizations 
has been covered under different aspects in the literature. Sufficient condi- 
tions for the convergence of optimal trading strategies in certain diffusion 
models and their discrete approximations were found in [7j. Rogers (|19|) 
compared optimal investors of a diffusion model and its discretization in 
terms of efficiency and his work was extended in [I] to the case of partially 
available information. Another aspect of discretization in terms of time- 
lagged trading and its impact on utility maximzation was discussed in [T5] 
for exponential Levy models. 

The paper is organized as follows. In Section 1 we specify the continuous- 
time and discrete-time exponential Levy models, as well as the optimization 
problem of maximizing expected utility from terminal wealth. We state the 
necessary assumptions (Assumption 12. ip for our results and recall certain 
findings of [16] . as well as some properties of stochastic exponentials of Levy 
processes that we shall frequently use. Section [3] summarizes important ana- 
lytic properties of the deterministic functions g and g N . In Section[3]we state 
and prove our main results. We also comment on the extension of Theorem 
14. II to higher dimensional exponential Levy processes. Certain technical re- 
sults needed for the convergence of the wealth processes (Corollary 14. 3p are 
presented in the Appendix. 

It is important to mention that our convergence theorem (Theorem I4.ip 
relies on the work of [8] and [5] on moment asymptotics for Levy processes. 
We also use results on the finiteness of g, that are proved in [TB]. The 
convergence results in the Appendix are extensions of the results in [p3] on 
Euler discretizations. 



2. Preliminaries and Assumptions 

We fix a finite time horizon T > and a filtered probability space 
(Q, J 7 , (J r t)t>o, IP) satisfying the usual assumptions of right-continuity and 
completeness. The exponential Levy model of one bond normalized to 1 



2 Note that n* as well as 7r^ depend on U(x) — (1 — p) 1 x 1 p and can be considered 
as functions of p 
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and one stock S with initial value So > is given as the solution of the SDE 
(2.1) S t = S + f S u -dL u , 



JO 

where (Lt)t is a Levy process with Levy-Khintchine triplet (b(h),c,F) rela- 
tive to a continuously differentiable truncation function h, with drift b(h) G 
R, diffusion c > and Levy measure F on R. We refer to [HI II. 4] for more 
information on Levy processes. 

By (|2.ip . S is given by the stochastic exponential of L, i.e., St = So£ (L) t . 
The agent is endowed with initial capital x$ > and her preferences are 
given by a power utility function U (x) = with p > 0, where we set 

throughout this exposition ^ := log(x), to cover also the case of logarithmic 
utility. Let C C R denote an interval of portfolio constraints. Throughout 
this exposition we are only interested in the unconstrained case C = R and 
in the exogenous constraint C = c € := [0, 1]. 

We define the set of all admissible constant trading strategies by the 
convex set 

(2.2) Aq := {it G R\F(x G R : 1 + ttx < 0) = 0} ifpe(0,l), 

(2.3) A ,* := {tt G R\F(x G R : 1 + vrx < 0) = 0} if p > 1, 

where tt denotes the fraction of wealth invested in the stock. Since we fix the 
utility function U, we denote the corresponding set of admissible constant 
trading strategies by A to simplify further notation, while we still have in 
mind that we mean either of (|2.2p , (j2.3j) . The requirements in (|2.2p and (|2.3P , 
respectively, ensure that xq£ (jrL) t > (> 0) holds for all tt G Ao (tt G -Ao,*) 
and U(xq£ (ttL) t ) > — oo, cf. [iTJ Lemma 2.5]. Here, xq£ {irL) t is the wealth 
process corresponding to the constant trading strategy tt G A, i.e., it is the 
solution of 

(2.4) X t = x + I ttX u ^ dL u . 

Jo 

We also consider non-constant admissible trading strategies TTt(to) given by 

T := {(TTt)t\ tt pred. and L-integrable, 7r t (w) EC, £ (tt* L) t > 0} if p G (0, 1), 

T := {(TTt)t\ tt pred. and L-integrable, TTt(io) EC, £ (tt* L) t > 0} if p > 1, 

where tt*L denotes the stochastic integral of nt w.r.t. L. 
It is the agent's aim to find an optimal trading strategy tt^ for the problem 
of maximizing expected utility problem from terminal wealth on [0, T] 

(x £ (TT'L) T f-p- 



(2.5) u(x ) := sup E [U(x Q £ (tt'L) t )} = sup E 



1-p 



In order to discuss the optimal trading strategy tt\ in more detail we now 
state the assumptions that we make throughout this exposition: 

Assumption 2.1. 

(i) S > 0. 

(ii) c^Oor both F(R_) > and F(R + ) > 0. 

(iii) u(xq) < oo, i.e., the maximization problem (|2.5p is finite. 
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By [6l Lemma A. 8] assumption |[]) implies F(—oo, — 1] = and (JTJ) is in fact 
equivalent to the existence of a Levy process L such that St = £ (L) t = 
exp(Lt). [BJ Lemma A. 8] also gives the following formulae to determine the 
Levy triplet (b(h),c,F) of L 



(2.6) b(h) = b(h) - °- + I (/i(log(l + x)) - h{x)) dF(x), 



2 



(-1,00) 



(2.7) c = c, 

(2.8) F(G) = J l G (log(l + x)) dF{x) for all Borel sets G E B, 

where h is a bounded truncation function, i.e., h(x) = for \x\ > R > 0. 
From now on we fix a bounded and continuously differentiable trunction 
function h and write in the sequel - if not stated differently - b := b{h), 
b := b(h) to alleviate notation. 

As already mentioned in the introduction, by (Ju]) we make the assumption 
that L has a non-zero Brownian motion part or that L has both positive 
and negative jumps. Although this is not technically necessary it simplifies 
further discussion on the admissibility of A-period trading strategies below. 
In particular, assumption (jn]) assures a no arbitrage condition known as no 
unbounded increasing profit, which has been introduced in [T2]. We comment 
on the less important case of a Levy process with c = and either only 
positive or only negative jumps at the end of this section. 

Assumption (jiu]) is a common assumption assuring existence and unique- 
ness of a maximizer of (|2.5p . i.e., the sup in (|2.5p is in fact a max. 



Under Assumption I2.lt the optimal trading strategy tx\ of (|2.5|) becomes 
trackable and is of a simple structure: Nutz (cf. |16t Theorem 3.2 and Re- 
mark 3.3], for p / 1) and Kardaras (cf. [12, Lemma 5.1], for p = 1) have 
shown that under our assumptions the optimal trading strategy n* is unique 
and constant, tt* £ A H C. In the following, we denote the optimal strategy 
of the unconstrained model (C = M) by tt* and the optimal strategy under 
the exogenous portfolio constraint C = c € = [0, 1] by tt^, which we refer to 
as the optimal strategy of the constrained continuous-time model. 

The optimal wealth processes are given by x$£ (ir*L), xq£ (tTcJX) and an 
investigation of [II] even shows that the Inada conditions upon U ensure 

(2.9) £(ir*L) t >Q te[0,T], 

i.e., tt* E Aq^ for all p > 0. £ {^L) f > holds true since A n [0, 1] = [0, 1] 
and £ {nL) t '> for all n E [0, 1]. [El Theorem 3.2] (for p ^ 1) and pH 
Lemma 5.1] (for p = 1) show that tt*, tt^ are given as the unique maximizer 
of the deterministic concave function g : A f) C — > M defined by 

(2.10) 

5 (,r := 7r b- 1 -—+ / ^ -!■ rrh{x 

2 J (-1,00) v 1 ~P 

pTT^C f 

g(ir) := irb h / (log(l + ttx) — irh(x)) dF(x 

2 J (-hoo) 
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where we have used F(—oo, — 1] = 0. In particular, the function g corre- 
sponding to the constrained case ^ = [0, 1] is the restriction on [0, 1] of the 
function g corresponding to unconstrained case C = R. This also shows that 
7r* G [0, 1] implies ir* = tt^. Moreover, the concavity of g shows that tt* > 1 
(it* < 0) implies n ^ = 1 {ix* g = 0). 

(|2,10p implies that tt*, tt^ are independent of the initial capital xq, which is 
a well known property of power utility functions even in more general market 
models. By [TBJ Theorem 3.2] the optimal wealth processes xq£ (iT*L) t and 
xq£ {tt*^L) v respectively, lead to the terminal utility 

l-p 

E [U(x £ (ttL) t )} = ^_e^ 9( -^ T for vr = tt* ^ and p^l, 
(2.11) 1 — p 

E [U(xq£ (ttL) t )] = log(xo) + g{^)T for it = tt* , tt*^ and p = 1. 



We now construct the TV-period model associated to (|2.1|) : let un := 
{t = 0,ii = ^,t 2 = ^, • • • ,t N = T} for N G N. We define the discrete- 
time process S N by 

Sg^Su i = 0,...,N, 

i.e., S N is the restriction of S to <tjv- Hence, investing in S N amounts to 
investing in S with the restriction that the portfolio may only be adapted at 
time instants t{ G o~n. Prom now on we refer to S N as the N -period model 
approximation of (|2.ip . S N evolves in each period according to 

<C = S U (1 + ^ = So n (1 + Zf) =: S £ (Z% +i , 

3=0 

where Zf = S{U+ g ) {t ~ ) S{U) = ^^l;^ 1 '' = e Lt ^~ Lt > - 1 are i.i.d. random 

variables. Investing in each period the fraction tt of current wealth in the 
stock S N amounts to the wealth process 

i 

(2.12) x £ [nZ N ) ti+i := x J] (! + * Z ? ) ■ 

j=0 

For the same economic agent and utility function U as above, the set of 
admissible constant trading strategies for S is given by 

A N := {vr G R|l + ttZ^ > 0} = {tt G R|l + ttZ^ > 0} = [0, 1]. 

A N is given by [0, 1] and does not depend on p and N since we assume that 
L satisfies c / or allows both positive and negative jumps. We also find 
A N = [0, 1] c A. 

The set of non-constant admissible trading strategies (Tti(u)))i is given by 

i 

T N := {(iTi)i=o,...,N-i\ Ki is Tti- measurable, JJ (l + nZf) > 0}. 

j=0 
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Similarly to (|2.5p it is the agent's aim to find for each N a maximizer 
(2.13) 

max E [*7(x £ (ttZ jv ) t )] — w V ;t 



^(x ) := 



max E 

ir£T N 



1-p 



Maximizing (|2.13|) leads to a constant maximizer tt*^ G -4 = [0,1], i.e., 
71 'n i = ^iv ^ f] - Moreover, 7r^y is in fact the maximizer of the following 
1-period model 

(2.14) 



U{x (l + 7r(£ (L)t-V 



max E 

7r€[0,l] 

and is independent of the initial wealth xq, cf. [20] . We want to give a 
short sketch by backward induction why ir^ is constant: Given current 
wealth Xt N _ x = x, the Bellman principle and Z N being i.i.d. show that the 
optimal strategy ir^ N _±(x) for the last step maximizes (|2.14|) with xo = x. 
Moreover, since U is a power utility function, vr^ Ar _ 1 is in fact independent 

Similar arguments as well as (Z?L n+1 ) being 



of x. Hence, n* N N _ 1 



7T 



i.i.d. - and in particular independent of the current wealth Xt n — prove 



7T 



N.n 



tt* n for the induction step. 



Analogously to g above, we define for each iV the deterministic concave 
function g N : [0, 1] -> R by 



(2.15) 



9 N M 



9 N M 



N 
T 



T 



1 + tt(£ (L)t 

N 



1 



1 



for p ^ 1, 



log (1 + ir(£ (L)t - 1)1 forp=l 



Clearly, tt^ is a maximizer of g . The reason why we have slightly modified 
g N in comparison to (|2.14|) will come apparent in the proof of Lemma 14.61 
below. 



The case c = and either F(R_) = or -F(R+) = 0: We now shortly 
discuss the case of L being a pure jump process with triplet (b, 0, F) and 
either F(R-) = or _F(R + ) = 0. In order to exclude arbitrage, we have 
to assume that b is negative (positive) if only positive (negative) jumps are 
allowed. 

The set of admissible constant trading strategies for the iV-period model 
is then given by 

A$ := {it G M|l + 7rZ^ = l+ir(S(L)± - 1) > 0} if p G (0,1), 

JV 

:= {it G R[l + irZ^ = 1 + tt(£ (L) ± - 1) > 0} if p > 1. 

By S > we have [0, 1] C A N and A N is bounded for all N. We note 
that 1 + ir(£ (L) t - 1) > (> 0) implies 1 + ir(£ (L) s - 1) > (> 0) 
for all < s < t, which further leads to A N C A N+1 . Letting t — > in 
1 + ir(£ (L) t - 1) > 0(> 0), [9, II.8a] implies A N C A. We see that A N 
depends on N and [0, 1] is generally strictly contained in A N . 
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As already mentioned, we make in the sequel the assumption that c 7^ 
or both F(R_) > and F(R+) > 0, i.e., A N = [0,1] which greatly 
simplifies further notation. The exogenous portfolio constraint ^ = [0,1], 
which implies the convergence limjv_ >00 tt^ = tt*^ in the case of c 7^ or 
both F(R_) > and F(R+) > (see Theorem gj] below) , translates to 
<T = Uat>i in the case of c = and either F(R_) = or F(R + ) = 0. 

3. Analytic Properties of g and 5^ 

This section summarizes some results on the continuity and differentia- 
bility of the functions g and g N , defined in (|2.10|) and (|2,15|) . respectively. 

Proposition 3.1. Under Assumption \2.1\ g is continuous on Ao t *. More- 
over, g and g N are finite and differentiate on Aq^, respectively [0, 1] with 
derivatives 



(3.16) g'(ir) = b-pirc+ [ ( X ^ - h(x)) dF(x), 

(3.17) (g N )'(,) = ^E 



'(-1,00) 
N exp(Lr)-l 



1 + yr(exp(LT) - 1) 

that are finite on (Ao t *)° , respectively (0,1), where (*4o,*)° denotes the inte- 
rior of Ao,* 

For the proof of Proposition 13.11 we need the following elementary result 
on exchanging differentiation and integration for concave functions, which 
is a special case of [T71 Lemma 5.14]. 

Lemma 3.2. Let n be a Borel-measure on R, j/o £ R an d /et / : R x R — > R 

satisfy 

(i) x h4 f(x,y) is measurable and j R \f(x,y)\dr](x) < 00 for y in a 
neighbourhood ofy®, and 

(ii) Vx € R : y 1— > f(x,y) is concave and differentiate. 

Then k(y) := j R f(x,y)drj(x) is concave and differ entiable with derivative 

k'(yo) = / f'(x,y )drj(x), 
Jr 

where f'(x,yo) denotes the partial derivative of f w.r.t. the second argument 
y at (x,y ). 

Proof. Cf. pH Lemma 5.14]. □ 

Proof of Proposition [3A[ Since u{xq) < 00 we find in particular that g N is 
finite on [0, 1]. By JT6J Corollary 3.7], u(xo) < 00 is equivalent to 
r (1 + x) 1 ^ 

(3.18) / - dF(x) < 00 for p > 0, 

Jx>i 1-P 

and p(i. Lemma 5.3] gives that g is finite and continuous on ^4o,*- 

Lemma 13.21 implies that g and g N are (left- and right-) differentiable on 
„4o,* and [0,1], respectively, and their derivatives are given by (|3.16p and 
(|3.17p . respectively. The concavity of g and g N implies \g'\, \ (g )'\ < 00 on 
(Aq^)° and (0,1), respectively. □ 
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4. Convergence Results for the Exponential Levy model 

Our main convergence result is stated in Theorem 14.11 below, which also 
implies two important corollaries. Proposition 14.41 gives qualitative proper- 
ties of the optimal strategies tt^- and tt* related to their sign and the risk 
aversion of U. To improve readability, we move the proofs of Theorem 14.11 
and Proposition 14.41 to the end of this section. We comment on the extension 
of Theorem 14.11 to higher dimensions at the end of its proof. 

Theorem 4.1. Under Assumption \2. 1[ g N converges uniformly on [0, 1] to 
g. In particular, limjv-voo ir*^ = tt^ and limjv^oo g N (tt^) = g{^>). Thus, if 
it* e [0, 1] then limA^ooTr^ = ir* , and limjv-s-oo g N (7r* N ) = g(n*). 

Corollary 4.2. Under Assumption \2. 1[ the N -period value functions con- 
verge to the value function of the constrained continuous-time model, i.e., 

lim E [U {x £ (ir* N Z N ) T )] = E [U(x £ (ir^L) T )} . 

N— too 

Thus, if ir* G [0,1] then 

lim E [U (x £ (ir* N Z N ) T )} = E [U(x £ (n*L) T )] . 

Proof. We give the proof for < p, p / 1, since the case p = 1 is shown 
similarly. W.l.o.g. we set xq = 1. By (|2.12p and Zj being i.i.d. we find 

n \, i jl - v\ x ( 1 + " ' 

E[U(£ (v* N Z N ) T )] 



1—p 1 — p 

Since (1 + jf) N — > exp(a) converges uniformly on compacts and g N ' 
g{js*g) as N — >• oo, equation ()2.1ip shows 

E [U (£ {** N Z») T )] -+ ^^~P)T9W) = E [u{£ { ^ l)t)] 



□ 



The proof of the next corollary of Theorem 14.11 requires some results on 
the convergence of Euler approximations of (|2,4p , which can be found in the 
Appendix. 

Corollary 4.3. Let Assumption \2.1\ be satisfied and let L be square inte- 
grable. Then the optimal terminal payoffs of the N -period models converge 
in L 2 (Q) to the optimal terminal payoff of the constrained continuous-time 
model, i.e., 



lim E 



(x £ (tt* n Z n ) t - X £ (7TtfL) T ) 2 



0. 



Thus, if tv* G [0, 1] then 



lim E 



(x £ (tt* n Z n ) t - x £ (ir*L) T y 



Proof. W.l.o.g. we set xo = 1- By Proposition lA.4l in the Appendix {£ (tt* n Z n ^ 
£ (tt^L) t ) converges in L 2 (S1) to 0, where £ {n* N L) denotes the Euler ap- 
proximation of £ (TTffL), cf. (|A.23p in the Appendix. 



T 
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tt* n £ [0, 1] implies £ {tt* n L) > 0. In particular, Theorem IA.3I in the Ap- 
pendix implies that the Euler approximations £ (tt* n L) t converge to £ {tt^L^ t 
as N —> oo. In total, £ (tt* n Z n } t converges in L 2 (Vt) to £ (tt^L) t . □ 

Proposition 4.4. Let Assumption \2.1\ be satisfied and let L be integrable, 
i.e., we can choose h(x) = x. 

(i) Letting b = b(x) denote the drift w.r.t. h(x) = x, we find 
(4.19) b > => tt*,tt* n > and b < => tt* < 0, vr^ = 0. 

Lf tt* > 1, then tt* n = 1. 

(ii) Assume that the maximum in (|2.5p is finite for all U = ^— - iwii/i 
P S ipaiPbj- We denote by tt*, it* n the corresponding optimal 
strategy for U in the continuous-time and discrete-time model, re- 
spectively. Then the mappings p h- >■ tt*, p h- > 7r* ^ «re montone 
decreasing (increasing) on (p a ,Pb), if b > (b < 0), where b = b(x) 
is the drift w.r.t. h(x) = x. 

Remark 4.5. (i) (|4.19|) can be shown in a more general framework 
using sub- and supermartingale arguments. However, we want to 
establish ([j} by taking advantage of the special structure of the 
exponential Levy model and prove it by montonicity properities of 
the functions g and g , see the proof below, 
(ii) By —-jjTj^j = f the constant p determines the index of relative risk 
aversion of U. Proposition 14.41 (|n|) formalizes the intuitive idea that 
higher risk aversion leads to a lower fraction of wealth invested in 
the stock S. 

Proof of Theorem I4.lt The proof of Theorem 14.11 requires the pointwise 
convergence of g N to g that is established by Lemma 14.61 



Lemma 4.6. Let Assumption \2. 1\ be satisfied and let tt € [0, 1]. Then 

lim g N (n) = g(ir). 

N-too 



obtained similarly. A Taylor expansion of x h- > ( 1 + 7r ( e ^ 1 )) — around 



Proof. We only give the proof for < p, p ^ 1, since the case p = 1 is 
obtaim 
shows 

2 /(l + vr^'-l)) 1 "?-! 
tt - ttx ] ~ x as x -> 0, 

TT — pTT Z \ 1 — p I 

where we use the common notation f(x) ~ g{x), x — > 44> lim.j-s.o ^fey = 1- 
In particular, we find 

2 / (1 + 7r(e x — l))^~ p — 1 A 2 

k(x) := ^ - i - vr/i(x ~ x 2 as x -> 0. 

7r — p7r^ y 1 — p I 

Since k is locally bounded we can apply [31 Theorem 1.1 (ii)], which implies 

N r ~ i f 
(4.20) lim — E k(Lr) =d+ / k(x) dF(x). 

N^oo TIn] J r 
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[SJ Lemma 4.2] implies limjv-^oo ^7t/i(Lt ) = irb(h). Shifting this limit on 

N 

the right side of (|4.20p and using equations f|2.6j) - f|2.8j) we finally get 
N f \ l P 1 ^ f ( (1 + vrx) 1 ~ p - 1 



lim g "U)= 1T b- 1P —+ f 




N ^°° 2 V(-l,oo) \ 1 -P 

Proof of Theorem \4-l\ By Lemma [4.61 we know that g N converges pointwise 
to g on [0,1]. Lemma lA.21 in the Appendix shows that the concavity of g N 
and g imply that g N converges in fact uniformly to g on [0, 1] as N — > oo. 
Thus, the A^-period maximizers ir* N satisfy limjv-»oc k* n = arg max^ii g = 
7r^ and limAT^oo g N (tt* n ) = g(n^). □ 

Extensions to Higher Dimensions. If the Levy process L = (Li, . . . , L n ) and 
the stock S = £ (L) = (£ (L\) ,...,£ (L n )) are M. n valued, the only difficulty 
in extending our results to higher dimensions is the no-arbitrage condition 
of no unbounded increasing profit, cf. [12]. As we have seen in Assumption 
I2.11([ n|) this condition is almost trivially satisfied in one dimension, but it gets 
more involved in higher dimensions. Lemma 14.61 also proves the pointwise 
convergence of g N to g on [0, l] n , where g and g N are defined verbatim in 
higher dimensions. This finally proves by concavity the uniform convergence 
of g N to g on [0, l] n . Thus, under appropriate no- arbitrage assumptions 
Theorem 14.11 also holds in higher dimensions. 

Proof of Proposition 14. 4t 

Proof, ad ([!]): Using (|3. 16)) with h(x) = x we get </(0) = b = b(x), which im- 
mediately gives Moreover, (ETTTD implies (g N )'(0) = NT- l (e bN ~ lT - 
1). Hence, b < implies tt* n = and b > gives k* n > 0. If tt* > 1 we find 
in particular < g'(l) < oo. Using (|2.6p - (|2,8p a straight forward calculation 
shows 

(g N )'(l) = exp {-pb + L£ + j (e~ px - 1 + ph{x)) dF^j ■ (e 9 '^ - 1) > 0, 
thus i:* N = 1. 

ad (jn]): Let 6^0 since otherwise tt* = 7r^ = 0. We first consider the 
continuous-time case: letting p\ < P2, Pi,P2 £ (Pa,Pb), © shows that we 
may assume |7r*J, |7r* 2 | > and that n* , ir* 2 have the same sign. Hence, in 
order to prove (Jn|) we have to establish |7r*| > |vr* 2 |. 

We first consider the case when ir^ and ir* 2 are in the interior („4.o 5 *)° of 
Ao^. As 7r*. / 0, 7r* satisfy in particular the equation 

G^Pi) := n* pi b - Pt (n;fc + J ( {1 + ^ x)Pi ~ <*) dF ^ = 

with i = 1,2, since G(ir,p) = irg'(ir,p). Here g'(-,p) denotes the partial 
derivative w.r.t. it of the function g corresponding to p. 

The integral I(ir,p) := » x{l + irx)~ p — xdF(x) is partially differ- 

entiable w.r.t. ir and p: indeed, the integrand (vr,p) i— > x(l + ttx)~ p — x 
is convex (concave) in tt (with p fixed) and in p (with tt fixed) if x > 
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(x < 0). Hence, we can apply Lemma 13.21 by splitting the domain of inte- 
gration into (—1,0] and [0, oo), which yields that / is partially differentiable 
w.r.t. tt G (^lo,*) \{0} and p G (p a ,Pb)- Moreover, differentiation and in- 
tegration can be interchanged. In particular, the partial derivatives of G 
are finite for tt G („4o,*)°\{0} and p G (p a ,Pb)- Lemma [A. 6 1 in the Appendix 
shows that the partial derivatives of G are continuous for any p G (p a ,Pb) and 
tt G (^4o,*)°\{0}, which further implies that G is continuously differentiable. 
Hence, any pair of optimal strategies (tt p ,p) with G(n*p) = satisfies 

tt; — (tt» = G(-K* p ,p) -pfrtfc- / AVl + ^x)^ 1 dF(x), 

071 ' J(-l,oo) 

where we have used \tt*\ > 0. In particular, sgn (^{n p ,p)) = — sgn(7r*) ^ 0. 

By the implicit function theorem, there exists a differentiable function 4> 
defined on a neighbourhood N of p\ such that Vp G N : G((j)(p),p) = 0, 
4>{Pi) = TTp! and 

q^(Hp),p)) ~^(Hp),p)- 

By continuity we may also assume that 4>{p) ^ for all p G N. Differenti- 
ating G with respect to p implies for all tt G .4o,*\{0} 

8G . . 9 f TTX log(l + ttx) . 

— 7T,p = -7T 2 C - / ^ SP < °' 

-'(-Loo) (1 + nx) V 

where the right inequality follows from (1 + ttx) > F-a.s. and 7rxlog(l + 
ttx) > 0. Hence, (|4.21|) yields sgn(^'(p)) = — sgn(0(p)). This also implies 
that we may assume w.l.o.g. that (ft is defined on an interval containing 
[pi,P2]: P — -Pi be at the right boundary of N and tt p := lirrijV9 Pn ->-p 4>(,Pn), 
then |0(pi)| = |vr*J > |0(p)| = |vr p | and 

G(tt p ,p) := lim G(<p(p n ),p n ) = lim = 0. 

N3p n ->p N3p n ->p 

The continuity of G(tt,p) = Trg'(iT,p) as well as the uniqueness of a solution 
tt* ^ of the utility maximization problem related to p implies g'(TT p ,p) = 0, 
f J = i p / and G(tt*,p) = 0. By |§^(7T*,p)| / the implicit function 
theorem can also be applied at p, which implies that <p can be defined on an 
interval containing [pi,P2]- Finally, sgn(<//(p)) = — sgn(^(p)) shows |</>(pi)| = 
|vr*J > |7r* 2 | = \<t>{p2)\, as desired. 

If 7r* 2 is at the boundary of .4.0,*, we only have to treat the case when tt* 2 
is at the right boundary while tt* < tt* 2 . We then find 

G{tt,p 2 )>0 VieA,, and G(tt* p1 , Pi ) < 0. 

Since ^(^,p) < we find G{tt Pi ,P2) < 0, which contradicts the above 
assumption. Thus |7r*J > Kp 2 |- The case of n pi being at the boundary of 
.Ao,* is treated analogously. 
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In the discrete-time case, similar arguments as above with G(ir,p) := 
7rE[(l+vr(exp(L_ L )-l))- p (exp(Z i )-l)] show that © also holds for vr^. □ 



N N 



Appendix A. 

The Appendix contains results on the integrability of the stochastic expo- 
nential (Lemma lA.ip . on the pointwise and uniform convergence of concave 
functions (Lemma IA.2j) and on the convergence of the optimal iV-period 
wealth processes £ {tt* n Z n ^ to the Euler approximation of £ {istgV), i.e., the 
optimal wealth process of the constrained continuous-time model (Proposi- 
tion IA.4j) . In the proof of Corollary 14.31 we also need the convergence of the 
Euler approximations to £ (tt^L) . More explicitly, for our purpose we need 
that the convergence holds in fact uniformly in 7ri (Theorem IA.3|) . Since 
this result only requires a slight modification of a result of Kohatsu and 
Protter ([13J), we omit a detailed proof of Theorem I A. 31 and just remark 
on the adaption of the proof in [13]. At the end of the Appendix we also 
present a technical continuity result (Lemma IA.6[) that we have omitted in 
the proof of Proposition [ 



Lemma A.l. Let L be a Levy process satisfying E [(Lt) p ] < oo with p > 
and £ (L) t > 0. Then there exists a constant c(p) € R such that 

(A.22) E[£ (L)f] = e c ^ t . 

Proof. Using £ (L) t = exp(L t ) this is a simple consequence of [21, Theorem 
25.3]. ' □ 

Lemma A. 2. Let c,c n : [0, 1] — >• R be concave functions and let c be con- 
tinuous on [0, 1]. Then the pointwise convergence of c n to c on [0, 1] implies 
the uniform convergence of c n to c on [0, 1] . 

Proof. Let o~n := {ti = = 0, . . . , N} and let e > be given. Define for 
any function / : [0, 1] — > R 

V (f,N) := max 1/(^-/(^1)1. 

i=0,. ..,N 

Define [x]n for all x £ [0, 1] by [x]n := ti if U < x < ti + \. Any concave 
function c satisfies 

\c(x) - c([x] N )\ < 2rj(c, N) for N >2. 

By assumption there exists M(N) € N such that max^o,...^ \c n {ti)— c(U)\ < 
e for all n > M(N). Hence, we find for all n > M(N) and all x G [0, 1] 

\c(x) - c n {x)\ < 2rj{c, N) + 2i](c n ,N) + \c n ([x] N ) - c([x] N )\ . 

The uniform continuity of c implies that we can choose iV large enough 
such that ij(c, N) < e. Together with the last inequality this further implies 
max^gfou \c(x) — c n (x)\ < 9e for all n > M(N). □ 

Theorem A. 3. Let L be square integrable and X N be positive and solution 
of 

X]* = X + ttnX^L dL s , 
J o 
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where tt^ is a fixed sequence of real numbers converging to ir, i.e., X 



£ (ttnL). Let a n := {to = 0,t\ 



. . . , t r 



T} and define by X. 



N 



N,n 



n^o^l + ^nA^L) =: £ (7TArA Tl L) i the Euler approximation of X N , where 



tk 



A^L := L (i+i)t — LiT. Then 



lim E 

n— >oo 



sup \ X. 

t<T 



N.n 



N\2 



0, 



and the limit holds uniformly in N . In particular, under the above assump- 
tions liniAr^oo E [(£ (ttnA L) t — £ (7rL) r ) 2 ] . 

Proof. This result follows in fact from a slight modification of |13l Theorem 



N 



2.5]. Kohatsu and Protter prove the result for SDEs of the type X. 
Xo+f F n (X)s_ dY s , where F is bounded and Y is a special semimartingale. 
Although in our case F N (X) S = ttnX s is unbounded, a moment's reflection 
reveals that the independence of the increments of Y = L implies that one 



only has to assume E 



tk > 



< C < oo with C independent of k, which 

is satisfied since L is square integrable. As ttn — > tt it is also not hard to see 
that the above convergence holds uniformly in N . □ 

To simplify the reading of Proposition lA~4l we recall the following notation 



k-l 



(A.23) 
£(7r N A n L) tk 



with £, = —. 



Y[(l + knZJ) where Z? = exp(L tj+1 — L tj ) — 1, 



j=0 



k-l 



H(l + tt n A]L) where A]L = L tj+1 - L 

j=0 



Proposition A. 4. Let i:n be a sequence of real numbers converging to tt 
and let L be square integrable. Then 



lim E 

n— >oo 



(£ (7r N Z n ) T - £ (7r N A n L) T y 



o, 



where the limit holds uniformly in N . In particular, under the above as- 
sumptions lim7v->oo E [(£ (ttnZ n ^ t — £ (7T]\fA N L) t ) 2 ] = 0. 



Proof. Letting X™ 



£ (TT N Z n ) tk and Y tk := £ (ir N A n L) tk , they satisfy 
X t k+1 = X t k +^K Z k and Yr k+i =Y t : + n N Yr k AtL. 

£(L) k+1 -£(L) k 



(A.24) 

Defining the i.i.d. random variables := ZV; 



£(L) k 



Lk+i — Lk ) , we deduce from (|A,24p 

2" 



E 



XI 



z k+l 



YI: 



T-k + \ 



< 3E 



XI 



+ 3tt 2 n E 



(Xl-Yr k )\AlLf 

2" 



+ 3tt^E 



(Xtet)' 
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Using the independence of e£ and Tt k as well as of A£L and Tt k , and the 
estimate E (A£L) 2 < ^- - where C\ > only depends on the Levy triplet 
of L - this further implies 



E 



x n _ yn 



< 3 



n + TT 2 N d 



-E 



E 



(4Y 



Since L is square integrable, Lemma IA.1I implies that ZJ^ is also square 
integrable. This further gives E [(A"^) 2 ] < C2, where C2 can be chosen to 
be independent of n and N. The discrete Gronwall inequality of Lemma 
IA.5I as well as Aq = Yq imply 



E 



n-1 

<C 3 ^E[( e 

i=0 



n — l n N 



En — J 
i = 



< C 4 nE 



where C4 is independent of n and N, since (ttn)n are bounded. 

We now establish E[(e[)) 2 ] = 0(n~ 2 ) which concludes the proof: since L is 
square integrable with triplet (b(x),c, F), we can decompose it canonically 
into Lt = (Lt — bt) + bt, where Mf := (Lt — bt) is a square integrable 
martingale and Vt := bt is the predictable finite variation process. Denoting 
by (M, M) the predictable quadratic variation of M, we find (M, M)t = (c+ 
/ x 2 F(dx))t. Lemma lATTI and Theorem 4.40] show that J 1/n £ (L) s _ - 
1 dM s is a square integrable martingale. Using the Ito isometry (for Mt) as 
well as Jensen's inequality (for Vt), we find 



E 



n\2 



(e n o) 



E 



< 



C 5 n + C b 



n 



E [(£ (L) s - l) 2 ] da, 



where C5 only depends on the Levy triplet of L. Using the same arguments 
as before we find for < s < r 



E 



j^£(L) u _dL^j 



< 



C b n + C 5 



f\[(£{L) u ) 2 ] du< 
Jo 



C (i 



n 



where the last inequality follows from L being square integrable and Lemma 



|A~T1 Hence, E 



0{n 



□ 



Lemma A. 5 (Discrete Gronwall Lemma). Let (5i)fL , (ei)fL , (Vi)iLo sat- 
isfy 6i,ei,r)i > and 



e»+i < (1 + $i) e i + Vi 



0,...,N-1. 



Then 



i-l 



di< ( e + ^ rjj 

j=0 



i-l 

exp(^5 i ) i = 0,...,JV. 

j=0 



Proof. Straight forward using induction. 



□ 
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Lemma A. 6 (omitted part of the proof of Proposition 14.41 (fn|)). Under the 
assumptions of Proposition \4~Jj\ flu]) , the functions 

K{* iP ) := £(«,p) = ( irT ^ J - x - dF{x), 

M(vr,p) := ^-(tt,p) = / —- log(l + xtt) dF(x), 

OP J (-1,00) I 1 + nx)P 

are continuous for all tt G (.4o,*)°\{0} and p G (p a ,Pb)- 

Proof. We denote the integrand of K by k(x,ir,p), and the integrand of M 
by m(x, n,p). 

Let 7r G („4o,*)°\{0}, p G (p a ,Pb) and assume first 7r > 0. Let 7r„ G (-4o,*)°> 
Pn G (p a ,Pb) w hh 7r n > and ir n -4 7r, p n -)■ p. Letting 7r := inf n 7r n , 
7r := sup n 7r n , p := inf n p n , p := sup n p n , we find the following estimates 
which hold F-a.s.: 

\k(x,n n ,p n )\ < \x\(l +Wx)~ p + \x\ +px 2 (l +Wxy 1 ~ v for - 1 < x < 0, 

vr n ,p n )| < x(l + 7tx)~2 + x + ]xe 2 (1 + tt_x)~ 1 ~ p - for x > 0, 
\m(x,ir n ,p n )\ < |7fxlog(l + Wx)\ (1 + Tx)~ p for — 1 < x < 0, 
\m(x,7r n ,p n )\ < p^lfx for x > 0, 

where we have used in the last inequality the estimate log(l+x7r n ) < p~ 1 (l + 
X7r n ) p for all x > 0, p > 0. We claim that the right hand side estimates are 
.F-integrable functions, which implies by dominated convergence that K 
and M are continuous for tt > 0: this follows from our assumption that L 
is integrable as well as that the integral of the functions on the right hand 
sides can be considered as derivatives of component-wise convex (concave) 
functions, as shown in the proof of Proposition 14.41 The integrals are finite 
since p,p, W,tt are in the interior of (j> a ,Pb) and Ao^, respectively. 

Letting tt G (*4o,*)°\{0} with tt < 0, p G (p a ,Pb) and TT n G (Ao^)°, 
Pn G (p a ,Pb) with TT n < and TT n — > tt, p n — > p, we find with the same 
notation as above 

\k(x,TT n ,p n )\ < \x\(l + nx)^ + \x\ + px 2 (l + Wxy 1 ^ for - 1 < X < 0, 
\k(x, TT n ,p n )\ < x(l + tt_x)~ p - + x + px 2 (1 + 7rx) -1- ^ for X > 0, 

\m(x, TT n ,p n )\ < P~ 1 \x\\tt_\ for — 1 < X < 0, 

\m(x,TT n ,p n )\ < |7nrlog(l + tt_x)\ (1 + nx)~ p for x > 0. 

Similar arguments as above show that the right hand side estimates are 
-F-integrable. Hence, K and M are also continuous for tt < 0. □ 
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